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R @=èBC r @È�I. ^5@�C=2?@®;}<t_vg5C9.D<5>?;�C9<C=2?@�Cb@Z47` 69<tgA>A8L< h C=2?@�P h C=2a47>?>5gA4Z_Õ{ R �0=<5>tC9@B;bC h <56~2t.1�Z2T;|032?<?<t_�;bC9g�8A@Z>tC9; q 6cgA>%[BjL-/<5>��5@B6c;|ÐZjT4�C~{�256c.1;bCb<5kA2?@B6 R @ r k�<56PC��>5.z^5@Z6c;3.zC�j ´ �7�7� � µ5� � o p � � �B¶td
� d\Í�6Sd�wB`.zC=2akA<tgA6c;¸4 h g?_]_�0bgAkL< h 0=< ��@7@�4B>A8�8?6c.1>AÐ7; 1

2

< h .vC q 8A@B0b.D8t.1>A�\.vC~.1;�Cb<?<;=Cb69<5>A�¸4B>A8È>A@B@785;�;|<5`a@�`T.]_1Ð�d�w7<È2?@>PA_v_1;�C=2?@\0bgAk r .vC=2�`.v_DÐ q ;=C9.]6c;±.vC q 47>A8�Cc47;bCb@Z;4���4Z.1> q 8?6c.1>AÐB.1>A�47>A<�C=2?@Z6 1

4

0bgAkÕd�¯�>A0b@a47��4B.]>Ï2?@.P?_]_];ÉC=2?@a0bgAk r .zC=2�`T.]_1Ð q ;=C9.]6c;
.vC q 4B>A8�P�>A85;�C=254ZC�C=2t.1;�.1;��DgA;bC�4B;É2?@®_v.DÐ7@Z;�.vCId�°�254�C�6c4ZC9.1< ����������	
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Í�6IdAwB`.zC=2È_].1Ð7@4�
«5¨B§P¿?¥1�V¨�¢�À7ª���¢?¢A¡×��I¡A¿t7�D¢���£ß¨�¢�¥X�=��¡�§���Ä
��d

Ì h Cb@Z6É2?@a8?6c.1>AÐ7;�47>A<�C=2?@Z6 1

4

0bgAk q <5>5_ jl254B_ h < h C=2?@ 3

4

0bgAk�C=254�CÉ69@Z`%4Z.1>?;\.];0=< ��@7@?d���2t.1;�`a@Z47>?;�C=254ZC 3

8

.];¸0=< ��@7@ q C=2?@�69@B;bC�[A@�.1>A��`.v_DÐ�dÉ·\@B>A0b@ q C=2?@®6c4�C9.D<%< h0=< ��@7@�Cb<È`.v_DÐ�.1; 3
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d
� d��Õ<tgT254�^5@�C=2569@7@¸.]>?;}0=6c.D[?@78®; S5gA4B69@B; qZr .vC=2C=2?@%0=<569>A@B6c;\< h @B47032�.1>?>A@Z6¸;&StgA4769@4�C�C=2?@ 1

4k�<t.]>tCÉ4Z_D<5>A�®C=2?@%;3.18A@Z;�< h .zC9;�<tg5Cb@Z6�;&StgA4769@?dÂ ��2tgA; q h <56"@=èB47`k?_1@ q
AB = 1

4
AC

47>A8
BD = 1

4
BE

d Ã �/2?@"4B69@B4¤< h C=2?@�_]4769�Z@Z;=C;&StgA4769@�.1;
64
0=`

2
d�°�254ZC�.];�C=2?@®4769@Z4T< h C=2?@;|`4B_v_D@Z;=C±;&StgA4769@¡�
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A B C

D
E

e5jaC=2?@È��2?@7<569@Z`�< h �tj�C=254��Z<56c4B; qAr @254I^5@
BC2 + CE2 = BE2

d���2tgA; q
BE2 = 9

16
AC2 + 1

16
AC2 = 5

8
AC2

d²��2t.1;È`%@B4B>?;�C=254ZC�4�C®@Z4�032�;bC947�Z@ q C=2?@4769@Z4�< h C=2?@�>A@3èZC�;|`4B_v_D@Z6\;&StgA4769@a.1; 5

8

C9.1`%@B;�C=2?@L4B69@B4�< h C=2?@L0bgA6b69@Z>tC�; S5gA4B69@Ad
�/2?@Z69@ h <569@ q C=2?@�4B69@B4�< h C=2?@\;|`4B_v_D@Z;=C±; S5gA4B69@\.1; (5

8

)2 · 64 = 25
`

2
d

� d�w7<t_z^5@�C=2?@�@¡S5gA4�C9.D<5>
cos 2x = cos x

h <56
0 ≤ x < 2π

d
«5¨B§P¿?¥1�V¨�¢�À7ª¥X¦����77��¥�¨��Sd

wZ.1>A0b@
cos 2x = 2 cos2 x − 1

q C=2?@©�I.z^5@Z>Å0b<5>A85.zC9.D<5>�.1;l@4Stg?.z^t4Z_D@Z>tC�C9<
2 cos2 x−cos x−1 = 0

q 4>StgA4�856c4ZC9.10�@¡S5gA4�C9.D<5>É.]>ÉC=2?@±^t476c.147[5_1@
cos x

d��t4709Cb<56c.1>A�



³B�

�I.z^5@Z;
(2 cos x + 1)(cos x − 1) = 0

q?r 2t.D032Tjt.D@�_D85;
cos x = 1

<56
cos x = −1

2

d�/2?@Z> q ;=.1>A0b@
0 ≤ x < 2π

q7r @�254�^5@
x ∈

{
0
q 2π

3

q 4π
3

} d
� d~��2?@®0=@Z>tCb69@È< h 4®0b.1690b_1@®< h 6c4785.vgA;

1
0=`�.];�<5>TC=2?@®0b.1690bgA` h @B69@Z>A0=@®< h 4È0b.]690b_D@�< h6c4�8t.]gA;

3
0=`ld±·\< r h 4B6 Â .1>È0=`®Ã h 69<5`ÅC=2?@É0b@B>tCb69@É< h C=2?@É[t.D�¸0b.]690b_D@�8?<\C=2?@É0b<5`%`%<5>C94B>A�Z@B>tCc;�< h C=2?@ÉC r <T0b.1690b_1@B;�`%@7@IC$�

«5¨B§P¿?¥1�V¨�¢�À7ª¥X¦����77��¥�¨��Sd
ÙB@�C

O1

47>A8
O2

[A@�C=2?@�0=@Z>tCb69@B;�< h C=2?@0b.1690b_1@B;�< h 6c4785.v.
3
4B>A8

1
q 69@Z;|kA@709C9. ^5@Z_ j�d�ÙB@�C

P
[A@®C=2?@Tk�<t.]>tC r 2?@Z69@ÈC=2?@0b<5`%`%<5>�Cc47>Ai�Z@B>tCc;�< h C=2?@�C r <T0b.1690b_1@B;�`%@7@ICId�ÙB@�C

A
47>A8

B
[A@�C=2?@ÈkA<t.1>tCc;�< h 0b<5>tC94709C�< h <5>A@È< h C=2?@0=<5``a<5>¸C94B>A�Z@B>tCc; r .vC=2�C=2?@�0b.]690b_D@Z;Õ< h 6c4�8t.].

3
4B>A8

1
q 69@Z;|kA@709C9. ^5@Z_ j q 47;®;|2?< r >�d�ÙB@IC

x8A@Z>A<�Cb@�C=2?@Ï_1@B>A�SC=2©< h
O2P

d e5jß;=.1`T.]_]476Cb69.]47>A�I_1@B; q�r @T254�^5@
x : 1 = (x + 3) : 3

qr 2t.D032";=.1`k?_v.nP�@B;�C9<
x = 3

2

d©��2?@B69@ h <569@ qC=2?@l8t.1;bC94B>A0=@ h 69<5` C=2?@l0b@B>tCb69@�< h C=2?@�[5.1�0b.1690b_1@"Cb<©C=2?@²kA<t.1>tC r 2?@B69@"C=2?@ß0b<5`%`%<5>C94B>A�Z@B>tCc;�`a@B@�C±.];
PO1 = 9
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� d�¯�>A@\69<?<�C~< h
2hx2 + (3h− 6)x− 9 = 0

.1;±C=2?@\>A@B��4ZC9. ^5@�< h C=2?@�<�C=2?@Z6Id±��.]>A8C=2?@�^t4B_vg�@�< h
h
d
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R <�C9@ÉC=254ZC

h 6= 0
q ;3.]>A0=@�C=2?@��I.z^5@Z>a@4StgA4ZC9.1<5>a254B;�<5>5_zj<5>A@�69<?<�C q

x = −3

2

q. h
h = 0

dy�~.z^t.D8?@ÉC=2?@�@4StgA4ZC9.1<5>%[Bj
2h
Cb<T�Z@�C

x2 +
3h− 6

2h
x− 9

2h
= 0

d
�/2?@Z>�C=2?@¸;3gA`�< h C=2?@¸69<?<�Cc;�.]; −(3h−6)/(2h)

d±·�< r @}^5@Z6 q ;=.1>A0b@�<5>A@¸69<?<�C�.];�C=2?@>A@7��4�C9.z^5@�< h C=2?@�<�C=2?@B6 q C=2?@�;=gA`�`TgA;=C�[A@
0
¹�C=254�C~.1; q

3h− 6 = 0
q�r 2t.1032`a@Z47>?;C=254ZC

h = 2
d

 d�w7<t_z^5@�C=2?@�@¡S5gA4�C9.D<5> √
16x + 1− 2 4

√
16x + 1 = 3

d
«5¨B§P¿?¥1�V¨�¢�À7ª¥X¦����77��¥�¨��SÆ

ÙB@�C
y = 4
√

16x + 1
d��/2?@Z>�C=2?@��I. ^5@B>®@4StgA4ZC9.1<5>È[?@70b<5`a@Z;

y2−2y−3 = 0
q<56

(y − 3)(y + 1) = 0
d���2tgA; q

y = 3
<56

y = −1
d�wZ.1>A0b@

y = 4
√

16x + 1 > 0
qr @0b4B>?>A<�C�254�^5@

y = −1
d���2?@B69@ h <569@ q

y = 3
¹�C=254�C�.]; q

4
√

16x + 1 = 3
d®��2?@B>

16x + 1 = 34 = 81
q�r 2t.1032�j5.1@Z_18?;

x = 5
d

� d !V>�C=2?@8P��IgA69@
ABCD

q 4B_v_ h <tgA6�;3.18A@Z;�254I^5@�_D@Z>A�SC=2
1047>A8%C=2?@®4769@Z4È.];

60
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qÕr @�;|@7@C=254ZC�C=2?@�4B_zC9.vC9g�8?@

AE = 6
dÅe5jÏC=2?@L��2?@7<569@Z` < h �tjtC=2547�Z<56c47; q�r @254�^5@

BE = 8
q}r 2t.1032�.1`k?_v.D@Z;�C=254�C

EC = 2
d��/2?@Z>C=2?@_D@Z>A�SC=2l< h C=2?@%;|2?<56cC9@B6�85.]4��Z<5>?4Z_ q

AC
q 0b4B>Ï[?@<?[tCc4B.]>A@78\[BjÉ4BkAk5_zjt.1>A��C=2?@��/2?@B<569@B`Å< h �tj�C=254��Z<56c4B;4���4Z.1>�µ

AC =
√

62 + 22 =
√

40 = 2
√
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1
0=`ld±·�@É0=<5>?;bCb69g�09Cc;±C=2?@�_]4769�Z@Z;=C�k�<5;3;3.1[5_1@�`a<5;34B.10�.]>�C=2?@ h <56b` < h 4B>@¡S5g?.v_14�Cb@Z6c4B_Cb69.]47>A�I_1@Ad
Â 4�ÃÈ°�254ZC�.1;~C=2?@�;=.D8?@É_D@Z>A�SC=2%< h C=2?@�`%<5;|4Z.D0#�
Â [7Ã�·�< r `%4B>�jk5.D@B0=@Z; r .v_]_�2?@�254�^5@É_D@ h C�<B^5@Z6$�
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Â 4IÃÕw7<5`%@�`a<5;34B.10b;�.]>�C=2?@ h <569` < h 4B>T@¡S5g?.v_14�Cb@Z6c4B_tCb6c.14B>A�I_D@�C=254�C±0947>T[?@É0=<5>Ai;=Cb6cg�09Cb@B8 h 69<5` C=2?@�Cb69.]47>A�Ig?_]476~k5.D@B0=@Z;�4769@\;}2?< r >%[?@Z_1< r d
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1
q
3
q
5
q
7
q d�dZd Â1h 69<5` Cb<5k�C9<"[A<�CcC9<5`ÈÃ3d ! h <5>A@�< h C=2?@Z;}@L`a<5;34B.10b;T254B;T;3.18A@Z;T< h_D@Z>A�SC=2

n
q C=2?@B>LC=2?@>5gA`%[A@Z6É< h k?.1@70b@B;É.]>LC=2?@%[?<�CcCb<5` 69< r .1;

2n − 1
q 4B>A8LC=2?@Cb<�Cc4B_?>5gA`a[?@B6~< h k5.D@B0=@Z;~.]>®C=2?@É`%<5;|4Z.D0�.1;

1 + 3 + 5 + 7 + · · ·+ (2n− 1) = n2
dÂ Ì~>Ï4B_zCb@Z6b>?4�Cb@a4BkAk?69<54�032�.1;\C9<l>A<�C9.10=@C=254ZC�@Z4�032l< h C=2?@B;|@a`a<5;34B.10b;\C=254�C�0947>�[A@0=<5>?;bCb69g�09C9@78 h 69<5`sC=2?@²Cb6c.14B>A�Ig?_14B6�k?.1@70b@B;lgA;|@B;

n2
k?.1@70b@B; h <56�;|<5`a@ßk�<5;=.vC9. ^5@.1>tC9@7�Z@Z6

n
q 47>A8%254B;�;3.18A@Z;�< h _D@Z>A�SC=2

n
d Ã�/2?@�_]4769�Z@Z;=C�^t4B_vg�@�< h

n
;3g�032ÉC=254ZC

n2 ≤ 1000
.];

n = 31
d���2tgA; q C=2?@�_14B69�Z@B;bCk�<5;3;3.1[5_1@�`a<5;34B.10�254B;�;3.18A@Z;¸< h _D@Z>A�SC=2

31
qtr 2t.D032.1;�C=2?@�47>?; r @B6±C9<%kA4B6cC Â 4�Ã3d���2?@>5gA`a[?@B6�< h k5.D@B0=@Z;É_1@ h C¸<B^5@Z6�.];¸C=2?@B>

1000 − 312 = 1000 − 961 = 39
q�r 2t.103247>?; r @B6c;�kA4B6cC Â [�Ã3d

�/254�C�[?6c.1>A��;ÉgA;¸Cb<%C=2?@%@B>A8�< h 47>A<�C=2?@Z6�.];|;=g�@AdT{/<5>tC9.1>5g�@;|@B>A8t.1>A�®.]>aj5<tgA60=<5>tC9@B;bC9;�47>A8T;}<t_vg5C9.D<5>?;Zd
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x
@�C

y
q ;3.

x2 + y cos2 α = x sin α cos α
@IC

x cos 2α + y sin 2α = 0
d

Â ¯�>;3gAk?k�<5;|@�Stg�@
x
@IC

y
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tan−1
(

1

2

)
+ tan−1

(
1

4

)
+ tan−1

(
1

13

)
=

π
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a+b+c ≥ 3abc
dÍ"<5>tCb69@B6QStg�@

a2 + b2 + c2 ≥ 2abc
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xy + yz + zx = 1
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Â 4�Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2√
(1 + x2)(1 + y2)(1 + z2)

¹
Â [7Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2

x + y + z − xyz

d
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x2 + y cos2 α = x sin α cos α
4B>A8

x cos 2α + y sin 2α = 0
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tan−1
(

1

2

)
+ tan−1

(
1

4

)
+ tan−1

(
1

13

)
=

π
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a+ b+ c ≥ 3abc
d�A69<B^5@�C=254ZC

a2 + b2 + c2 ≥ 2abc
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! h

xy + yz + zx = 1
q ;|2?< r C=254�C

Â 4�Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2√
(1 + x2)(1 + y2)(1 + z2)

¹

Â [7Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2

x + y + z − xyz
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tan B

B
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π
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(
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a + b + c + d + 1
− 1

(a + 1)(b + 1)(c + 1)(d + 1)
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(a + 1)(b + 1)
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+
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+
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b2 + c2 − a2
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sin2 A
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a2
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4R2
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2
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a4 + b4 + c4
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=
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∑
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(a + b)
√

ab(s− a)(s− b) ≤ 3abc
d
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abc2 − (a + b)2(s− a)(s− b) = abc2 − (a + b)2

[
c2 − (a− b)2

4

]

=
(4ab− (a + b)2)c2 + (a + b)2(a− b)2

4

= 1

4
(a− b)2[(a + b)2 − c2] ≥ 0
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√
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√
ab
√
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BF = a · cos B
q

FA = b · cos A
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2�0�0�0�6 8 :<;7=>;�?A@�B�C�E�P4z�H4O����T;�? � ;�~ ;�x�@A:<; � �H4: � z�@���LSTO�q��4@A:+?�q�B�H�BDB3@ �
H7IrIMH�B3;4I�q{B�L �
H7IrIMH�B3;4I�q{B�LTNA=YH7q�OT'
U4V�W 4ABC

n�^3f 4A′B′C′ Z
n�j
V(k+eM_7Z�W�n�^3_A\�V4aRn7W A
n4^3f

A′
2 kV4a<g V4lWehj
V�\hm 2

n�^3f \�V�W
ha

n�^3f
ha′

f[V4^3b�WV]W�Z[Vdn7\rWehW� f3V7a W�b/W�Z[V�a�eMf[V4a
a
n4^3f

a′
2 kV4a<g V4lWehj
V�\hm '� c

b ≥ c
n4^3f

b′ ≥ c′
2 g3kb7j
V(W�Z
n7W

√
aa′ + 2

√
haha′ ≤

√
2
(√

bb′ +
√

cc′
) '

N
;4IKz[J�q{;�O C�E � q � u�@`I ��H
JMH�q�IrI�@`L�~>; z
@AO[L ��:+H�O � @�'
�7e�^3l�V

aha = bc
n4^3f

a′ha′ = b′c′
2 W�Z[V�g[kb
g b
awV�f e�^3V�&��3n4\rerW{m ��nAm X V

V 	�g3kV7awawV�f�n�a
√

aa′ + 2

√
bb′cc′

aa′ ≤
√

2(
√

bb′ +
√

cc′)
'
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aa′ �I. ^5@B;~C=2?@�@¡S5g?. ^t4B_1@B>tC±.]>A@4StgA4B_v.vCVj

(aa′)2 + 4bb′cc′ ≤ 2aa′(bb′ + cc′)
q

r 2t.D032T`%4Ij%[?@�69@ r 69.zCcCb@Z>47;
(aa′ − 2bb′)(aa′ − 2cc′) ≤ 0

d Â mSÃ
e5j`%@B4B>?;�< h C=2?@�{�4Bg�0327j?i|w7032 r 4B687 !V>A@4StgA4B_v.vCVj q7r @��Z@IC

aa′ =
√

b2 + c2
√

(b′)2 + (c′)2 ≥ bb′ + cc′ ≥ 2cc′

Â C=2?@È_14B;=C�.1>A@¡S5gA4Z_].zC�j�[?@7094BgA;|@
b ≥ c

4B>A8
b′ ≥ c′ Ã|d���2tgA; q C=2?@T;}@B0=<5>A8 h 4709Cb<56�< hÂ mSÃÕ.1;�>A<5>Ai=>A@7��4�C9.z^5@?dwZ.1>A0b@

b2 + c2 ≤ 2b2
47>A8

(b′)2 + (c′)2 ≤ 2(b′)2
q7r @��Z@IC

aa′ =
√

b2 + c2
√

(b′)2 + (c′)2 ≤
√

2b ·
√

2b′ = 2bb′ q
47>A8ÈC=2?@^P�6c;bC h 4�09C9<56±.]> Â mIÃÕ.1;�>A<5>Ai=k�<5;=.vC9. ^5@Ad��/2?@�69@Z;3g?_zC h <t_v_D< r ;�4ZC�<5>A0b@Ad

�5� �� ���������$ ��� ���7 ��� 7 � ��� � � ��� �
� % 640+ 9 �0� ����	.,�
� � ��� � ��	.���,� ����+ � ��	.���,� ����+�	-����0� � ��� $
)*��	� � ������� ��� � � ��	 	0����	0��� � + 9 �0� ����	.,�
� � ��� 	-� � 	 ��� + 	-� � 	 �0� + � �
� ��� ���

(
� ����"�0� �"���0

)
� 4�) %./

4 9 � � % � + � � ������	.� � �����
#���	(� � � �0�"� 9 ��������	.,�"� ��+ �1�1� � � �0+ � �-+ 9 � � � ��� � � ) 7 ���,����� 9�� + 9 	(1��� � ����� 8
����������,������+-% ���0 � 	 �0!�� +�������
	.� � � � ��7 � � 7 � � � � 2 + ��.�0$������ +��3� � � � ��� � � ��� � �0!�������(�"�34���� �
� ��� �0�"�
%
�0�� �
�(����� + ����	���������+ ��� � � � 7�� � 4�) � � � 	 7 � ��+ 	��
��,�
$�� + ��	�+ 9�� � � / 7 � 7 � 	 '�� � � + 	 �"��� � 9 �0� ����	 8
,�"� ��+ � � � � 	.�0$ �1+�4��5+ 9 � � � � % � )�� 9 + /���� � 4������ ���0�
� � 4���� �
� �0� +��3� ������	 )3��������+�� � + 9 � � � � %�� 9� 2�� � ��� 9 + 4���� 6�����`��� � +-� ��������� � � ��� $�� # ����	��1�-�����	�'

	���	 � ��	.�*��� $&� # ����	��1�-�����	 �-��� � � �����5� #���� + � � � # � �
	.� �������
�����	��3,� ��� � ��	.+ � # ��� � # ����	��1�-�����$
� ����� ���1� �
� � ,� � � � � � �� ���

a + 2ha ≤
√

2(b + c)
' 	���	 � ��	.� ��	������
$���$ � � � 1����� � ,��� �
��� ���*� #0� 

� ����� ���1� �
� �1+3�#�� �� ��� �"�  '�4��
����	.� ��+
a + 2ha

� &�
#�� $�� �� ����!,�R� 	����
`
�"�

`′ ��� $ √
2(b + c)

� 
�
#����"�����0� # ��� � # � $�� ���0���0���-��� �
#���� ��	�����+� ����	���'
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U4V�W

a
2
b
2
c
X V(W�Z[V a<e�f3V7a�b�cYn W�k+e�n4^3_A\MV ' ��Z[b�� W�Z
n7W

abc(a + b + c)2

a2 + b2 + c2
≥ 2abc +

∏
� ��h� � � (b + c− a)

'
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a
q
b
q 4B>A8

c
;=g�032®C=254ZC

a2 + b2 + c2 > 0
d�5<56±47>�jT;3g�032

a
q
b
q 47>A8

c
q7r @�254I^5@

abc(a + b + c)2 −
(
a2 + b2 + c2

)(
2abc +

∏
� ����� � �

(b + c− a)

)

= abc

(∑
� ����� � �

a2 + 2
∑
� ����� � �

bc

)
−
(
a2 + b2 + c2

)(∑
� ����� � �

(a2b + a2c)−
∑
� ����� � �

a2

)

=
∑
� ����� � �

(
a3bc + 2ab2c2

)
−
∑
� ����� � �

(
a4b + a4c + 2ab2c2 − a5

)

=
∑
� ����� � �

a3
(
a2 + bc− ab− ac

)
=

∑
� ����� � �

a3(a− b)(a− c) ≥ 0
q
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a = b = c

<56�C r <�< h C=2?@È>5gA`a[?@B6c;
a
q
b
q
c
4769@T@4StgA4B_�4B>A8C=2?@ÉC=2t.1698È.1;K73@Z69<�d

�5� �� ���� ����$ ��� ������� �
	 � � ��+ � ��� �1���� + 4�� + 9 � � �d��07 �`� 7 � ��� � � ��� �
� %�640+ 9 �0� ����	.,�
� �
��� � ��	.���,� ����+ � ��	.���,� ����+ 	-����0� � ��� $ ) ��	� � �0��� � �0� � � %.4�) 7�� 	0� ����% ����7 + � ���0����+[��	.����!,� � � � � 9 7 �
	 7 � % ��� + 6� � 4���� 4�% � 9 � � % + ��� $ 7 � % � % �9� 7 � � 6� ��� 7�� + � � ��	��
	� ��+ � ���1� � � 4�)*%�/ 4 9 � � % � +
� � ������	.� � �����
#���	(� � � �0�"� 9 ��������	.,�"� ��+ �1�1� � � �0+ � �-+ 9�� � � 4�)���� �07�� � ' ��%�� % � � % 7 +&�5����� �"�
� � �0�"� 9 ��������	.,�"� ��+ � ��� � ���0� �
��+ ���5+ 9�� � � � %(4�) ����� %('�) 7���� + � ��� !�# � /0�1�"�� 2 ��	�$���,+*4�� + 9 � � �
�
� )�� �5' ) 7-9 2 7 � + � 	.��� $��*/ 	.�1� 	.�
� + � 	 � ��� � ��) 7 � �,����� 9�� + 9 	(1�1� � � ��������������,������+ %
�0�� � 	 ��!���+
������
	.� � � ��� �
� � � � 9 	 � % � � ��07 2-%564 ��� $ �5'�� % � � ��� 2���4�+ � ��	 ��� � � 2 7 � 9�� � � '�� 9 � � 	�+ ��������	.+
/��5+ 9�� � � � �07 ��� 7 � � � � 2 +���(��$���� � +R� � � � � ��� � � ��� � ��!��0����(�
� 4���� �"� �1� ����� %
�0�� �
�(����� + ����	���� �"��+
��� � / 7 � 7 � 	 '���� �-+ 	 �
��� � 9 �0� ����	.,�
� �1+ � � � � 	.�0$ �1+ 4��5+ 9 � � � � % � )�� 9 + /���� � 4������ ���0�
� � 4���� �
� �0� +� � � �"��	�)3��������+�� � + 9�� � � ��� $�� # ����	��1�-�����	�'

!#"�����'$)+*�,�,�-/.
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U4V�W

a
2
b
2
c
X ViW�Z[V&a<e�f3V7a$b�c 4ABC

e�^��&Z�e�l<ZDn�W#�Db
a�W�b
^3V&n�^3_A\�VdV 	�l�V�V4f[a
π/3

2 n4^3f�\�V�W
r
X V erW+a�e�^[k+n�f
er�3a ' ��Z[b�� W�Z
n7W

√
3(abc)

a2 + b2 + c2
≥ 2r

'

N
;4IKz[J�q{;�O C�E � H�IKJsu�@�:TP�H�O�; z4?<L S�:?4z�I�q�OY@AO[��E�x�O[H4?�q+z4x/L 	sO3O
?7C�:`z � G�L[F$z7?7Js:+q�H3�
U4V�W

R
n4^3f

s
f[V4^3b�WVDW�Z[V l�e�kl��3�/k+n�f�e��3adn�^3f�awV4��e�g3V4k+e���V�WV4k&b�c 4ABC

2
kV4a<g V4lWehj
V�\hm ' � V �3k+a�W��3awV W�Z[V �&V7\r\ ����^3b��i^ csb
k����[\�n4a

abc = 4Rrs
n4^3f

a2 + b2 + c2 = 2
(
s2 − r2 − 4Rr

) W�b �ik+erWV�W�Z[V _Aehj
V7^ e�^3V'&
�3n7\�ehW�m9n4a
√

3Rs ≥ s2 − r2 − 4Rr
' %�Z�e�a�e�a�V'&
�[e j�n4\�V4^�W�Wb

s2 −
√

3Rs− r(4R + r) ≤ 0
2
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<56
(s− x1)(s + x2) ≤ 0

q7r 2?@Z69@
x1 =

√
3R +

√
3R2 + 16Rr + 4r2

247>A8
x2 =

−
√

3R +
√

3R2 + 16Rr + 4r2

2

d
¯�[B^5.1<tgA;3_ j q

s + x2 > 0
dÕ��2?@B69@ h <569@ q7r @ �DgA;bC�254�^5@ÉC9<Tk?69<B^5@ÉC=254�C

s ≤ x1

dR < rTq .zCÕ.1;�Ð7>A< r > Â ´ m q ;|@709C9.1<5>T�t³ q 4B>A8È4Z_1;|<�k�d?� �B� ¶|Ã/C=254�C h <56�4B>�j�Cb6c.14B>A�I_D@;|4�C9.1; h j5.]>A��C=2?@��I. ^5@B>0=<5>A8t.vC9.1<5> qBr @�254I^5@
s ≤
√

3(R + r)
d ´ A��AÌ"kA69<?< h < h C=2t.1;`%4Ij�4B_];}<�[?@ h <tgA>A8�.]>ß·\< r 47698�: ; h @Z4ZC9gA69@B8";|<t_]g5C9.1<5>lC9< ���7o7o5³ ´ �B����å©µ � m7nZ¶5d ¶�A<T;|2?< r C=254ZC

s ≤ x1

q .vC�C=2?@Z>;3g?�a0=@Z;�C9<T;}2?< r C=254ZC
2
√

3(R + r) ≤
√

3R +
√

3R2 + 16Rr + 4r2
d

��;3.]>A�¸;}<5`%@�;3.]`%k5_D@�4Z_D�Z@B[?6c4 q .zC�.1;�@Z47;=.]_ j®;|@7@Z>�C=254ZCÕC=2t.];±.1>A@¡S5gA4Z_].zC�j�.1;�@¡S5g?. ^t4B_1@B>tCCb<
3(R + 2r)2 ≤ 3R2 + 16Rr + 4r2

q <56
2r ≤ R

q�r 2t.1032T.1;�4®0=@�_D@B[?6c4�Cb@B8%4B>A8r @Z_v_Di3Ð�>A< r >T69@B;=g?_vC�< h y�g?_D@Z6Id
� � ! � � � � ��� /
´ m�¶�Ì�d�e�4��Z@Z6 q �ÅÝ7¡7�T�v§Xªa¨7Ø�Ö�¨�¢5�V¨��L��¥X�c�V ÉÛX¢/�BÜ�¿7¡�§]��¥1���S½ q ��>5.z^�d�e�@7<?��6c478�d��?g�[5_Pdy�_cd���4�Ð�dAw7@Z6Id/Í�4�CId���.'7�d��7�7o p � � � Â mBn5³BmIÃ q��Sp � � d
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�5� ������������$ ��� � � � 9 7 � 	 7 � % ��� + 6� � 4���� 4�% � 9 � � % +�����$ 7 � % � % � � 7 � � 6����� 7<� + � � ��	��
	� ��+
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